ABSTRACT. A proof based on the Chern-Gauss-Bonnet Theorem is given to Hopf Theorem concerning the degree of the Gauss map of a hypersurface in R n .
INTRODUCTION
Let H ⊂ R n be a smooth, compact, embedded hypersurface without boundary. It is wellknown that H separates Euclidean space into two connected components. Let W be the bounded component of R n with ∂W = H. Orient H as the boundary of W using the outer normal first convention. Hopf [6] proved the following: Theorem 1.1 (Hopf) . The degree of the Gauss map G H : H → S n−1 is equal to
when n is odd and to χ(W ) when n is even.
In the classical textbook [5] , Guillemin and Pollack show that the case of odd n is a consequence of Poincaré-Hopf Theorem. Using Morse Theory, Sakkalis [9] gave a particularly simple proof covering both cases of Hopf's Theorem 1.1. In this note, we give another short proof, using the Chern-Gauss-Bonnet Theorem and its two versions: for manifolds with and without boundary [1, 2] . While Guillemin and Pollack use Hopf's Theorem to prove ChernGauss-Bonnet for even-dimensional hypersurfaces, we explain why we believe it might be as natural to go the other way around and consider Theorem 1.1 to be an application of this other famous result.
One can look at Chern-Gauss-Bonnet as a combination of two fundamental facts in topology:
(a) a Poincaré Duality statement which says that the Pfaffian of the Levi-Civita connection (properly normalized) is Poincaré dual to the degree 0 current induced by a generic vector field with only isolated stationary points; in simple terms the later is represented by a bunch of points with appropriate signs attached; (b) the homotopy invariance of the intersection number which takes the form of the Poincaré-Hopf Theorem, masterly explained in [5] ; admitedly one needs also a particular construction of a nice vector field in order to identify the index with the Euler characteristic. Without entering into historical details we will say that the first intrinsic proof of the generalization to the classical Gauss-Bonnet Theorem is due to Chern in [1] . This is where the transgression class (see below) first appears. A year later, Chern generalized his result to the case of a manifold with boundary in [2] .
In regard to item (a), we recommend a fairly elementary treatment of a general version of Chern-Gauss-Bonnet for oriented vector bundles of even rank in [7] . For a direct proof, based on a general transgression formula see [4] . We remark that, notwithstanding the difficulty of any complete proof, the Chern-Gauss-Bonnet Theorem is not fundamentally based on Theorem 1.1 but is indeed a manifestation of Poincaré Duality. On the other hand, the latter is a direct consequence of the former as we will see next.
THE PROOF
We use the notation of the previous section. The following is well-known to geometers.
Lemma 2.1. The pull-back via the Gauss map G H : H → S n−1 of the Levi-Civita connection ∇ S n−1 on S n−1 endowed with the round metric is the Levi-Civita connection ∇ H on H.
Proof. First of all, the pull-back (via the Gauss map) of the tangent bundle to the sphere is canonically isomorphic to the tangent bundle to H. Let now X : S n−1 → T S n−1 be a vector field on the sphere. Then at a point p ∈ H
The notation P V represents orthogonal projection onto the linear subspace V . The pull-back connection is uniquely determined by its action on "pull-back" sections, i.e. sections of type X = X • G H and therefore we conclude that G *
Remark 2.2. This result is a particular case of the celebrated Narasimhan Ramanan Theorem [8] which says that every pair vector bundle plus connection over a compact manifold is isomorphic with the pull-back of a universal bundle plus universal connection via a classifying map. Indeed this holds even more generally for principal bundles with connections. In the Lemma above the sphere plays the role of the base space of the universal bundle and the Gauss map of a hypersurface plays the role of the classifying map.
In order to compute the degree of the Gauss map when n is odd, instead of using the volume form on S n we use the Pfaffian of the Levi-Civita connection ∇ S n−1 . By the GaussBonnet Theorem the integral over the sphere of the Pfaffian Pf(∇ S n−1 ) (properly normalized) equals 2. Hence the degree of the Gauss map is
where we used Chern-Gauss-Bonnet Theorem on H in the last equality.
When n is even and hence S n−1 is odd-dimensional, the Pfaffian of ∇ S n−1 is zero by definition. However, there exists another natural form built with the help of the Levi-Civita connection that plays the role of the Pfaffian. This is a so-called transgression form. It can be described as follows. The trivial bundle R n S n−1 splits orthogonally as a direct sum of the normal bundle τ → S n−1 and T S n−1 → S n−1 . It can therefore be endowed with two connections: the trivial one d and the direct sum connection d ⊕ ∇ S n−1 .
The Pfaffians of both ∇ := d and∇ := d ⊕ ∇ S n−1 are obviously identically zero as they are of degree n > dim S n−1 . However, a standard result of the theory of characteristic classes (see for example the article by Chern and Simons, [3] ) says that the difference of the two Pfaffians is equal to an exact form, which can be explicitly described. We write:
Pf( ∇). direction is just derivation with respect to this field. Finally, the integral is really integration of a form over the fiber of the projection
Before one starts believing that we just wrote 0 in a complicated manner we show the following.
Lemma 2.3. For n even the folowing holds:
TPf(∇,∇) = −1.
Proof. Apply Chern-Gauss-Bonnet Theorem [2] to the manifold with boundary D n ⊂ R n :
TPf(∇,∇) = − S n−1
TPf(∇,∇).
Remark 2.4. For a computational proof and also for a local description of the transgression class the reader can take a look at Lemma 8.3.18 in [7] . This starts by noting that that TPf(∇,∇) is a constant multiple of the volume form of S n−1 since it enjoys the same symmetry property as the volume form. To see which multiple exactly, one can relate the two quantities at a single preferred point on the sphere.
